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Question One (Start a new page)

a)

At

b)

il

o)

Consider the complex numbers z,= ﬁ 1+ i«/ﬁ_&_) and z, = 2\/6_ (1+7).

Express z= A in the form of x+ iy, where x and y are real.
22

Write z,, z, and zin modulus/ argument form.
Hence find the exact vaiue of 0051—7;-.

Sketch on separate Argand diagrams the regions where
Re(z+iz)z 2

léiz—l—-i} <3 wherez=x+iy.

By applying De Moivre’s Theorem and by expanding (o0s @+ isin ), express sin 5¢
as a polynomial insing.

Question Two (Start a new page)

a)

b i

i,

c)

Given real positive numbers a, b and ¢ such thata > b > ¢.
Prove that (a+ b) > 2-Jab.

Showthat b ~a* < 2(b—awab .
cl _aZ

Wb

Deduce that (b~ a)«/t_z_ +{c— b)J; >

rEd

Sketeh the graph of f(x)= 1——92——+ 18 showing all stationary points and other
x* x

essential features.

Hence find the set of values of the real numbers k such that the equations f(x) =k has
four distinet real roots.

An object of mass m kg is travelling around a circular banked track of radius r metres
and angle of banking@. The mass is travelling at vms™. The forces acting on the
object are the gravitational force mg newtons, a sideways friction force

F newtons (acting down the road as shown) and a normal reaction N newtons to the
road.
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i.

ii.

Diagram
not to scale

% mg

By resolving forces vertically and horizontally, derive expressions for N and F,
‘Given the radius of the curve is 1 km and tan & = I;—O, find the velocity which will

ensure no sideways friction . (Take g =10ms™")

Question Three (Start a new page)

9

b)

°)

it

vi.

4
Evaluate J dx

°3+1/;&

Let @, f and &be the wots of x° —x* 4+ 2x~1=0.
Find the value of a+ 8+ 5.

Hence, or otherwise, find the cubic equation with roots :

~{a+p), - (f+8)and —(a+35).

1 ¥
Consider the ellipse £ with equation —;—cg-k -29— =1 and its suxillary circle C with

3 z

equation LA SNy

16

A straight line / parallel to the y axis, intersects the x axis at ¥ and the curves Eand C
at the points P and { respeotively.

Given that P and Q are both in the first quadrant and the coordinstes of P on & are
{4cosd, 3sin &).

Sketch the curves £ and C showing the above information.

Write down the coordinates of V and Q in terms of &.

Derive the equation of the tangent to the ourve £ at the point P.

Write down the equation of the tangent to the curve C at the point 0.

The tangents at P and @ interseot at a point R, Show that R lies on the x axis.
Prove that ON.OR is independent of the positions F and Q.
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Question Four (Start a new page)

8

b)

)

i

il.

il

i

‘

Using the Table of Standard Integrals, find I

1
— .
Vx' —4x+5

Find the constants 4 and B such that

1 Acosx Beosx
o e

cosx l-sinx 1+sinx

n

I3
Hence find the exact value of J’secx dx.
8

Diagram rot to scale

D F
In the above diagram, C is a cirele with exterior point 7. Tangents from T are drawn to

meet C at the points 4 and E. The point O is the centre of C. The line BT passes through
O. The line 4D passes through B, The line OF passes through E. AT is parallel to DF.

Trace or copy the diagram onto your answer book and prove AOET = AOAT.

2 2%
Considering AOET and ADEF , show that DE = _I?_P_‘%_Z_O_@_l by using double
angle formula.
Use the sine rule to show that 4B = A
BD DT,
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Question Five (Start a new page)

-

a}

b)

iii.

iv,

Prove j'f(x)dx= j[f(a—x)dx.
] [}
1
Hence evaluate Ix(l ~-x)dx, .

x .7
Let w= cos—+ isin—,

Find all the complex roots of the equation z'® —1 =0 by writing them in terms of w and
k, while k is a positive integer.

Prove that 1+ w+ w? + %> 4ot w” = 0,

The quadratic equation x* + bx+ ¢ =0, where b and ¢ are real, has the root w+ wh.
Find the other root in terms of w.

Find b and express ¢ in terms ofsin—;f-.

Question Six (Start a new page)

a)

b)

o)

i

i

iv.

1

T dx.
e +e

Find j

Given that /, = [(lny)'dy, n =0,1,2,3,-
i
Prove that [ =e—nl
Hence evaluate _[ (ln yY dy.
3
The depth of water at the entrance to a harbour can be modeled using the equation

x = b+ acosnt where x metres is the depth of water and ¢ is time measured in hours.
For a certain hatbour, the first low tide for the day is at Sam and the water depth is 20m,

The next high tide is 6% hours later and the corresponding depth is 28m.

Taking the first low tide for the day as the origin for measuring the time, write down the
values of g, b and n.

Find the depth of water at 9am. (correct to 3 significant figures)

Find all the times after mid-night and before mid-day when water depth is 23 m. (comect
to nearest minute)

Find the greatest rate at which the tide is rising.
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Question Seven (Start a new page)

)

b) i

i,

ii.

vi,

vit.

The circle x* + y*= 9 is rotated about the line x = 8 to form a torus.
Using the method of cylindrical shells, find the volume of the torus.

xy=c® is the result of rotating x* ~ y* = a” anticlockwise through an angle of 45°.
Write down the relationship between o® and ¢*.

P(x,, y,)is the point of intersection of the hyperbolas x y = c*and x* — y* = 4* in the
first quadrant.

Prove that the tangent to x y = ¢* atthe point P is xy, + yx =2¢>.
Write down the equation of the tangent to x* — y* = 4* at the point P.

The tangent to the hyperbola x* — y* = a® at P meets its asymptotes at 4 and C while
the tangent to the hyperbola x y=¢® at P meets its asymptotes in B and D,

Show that the co-ordinates of 4 are (x, + y;, X, + y,)-
Find the co-ordinates of B, C and D).

Prove that ABCD is a square.

Question Eight (Start a new page)

a)

As shown in the diagram below, a light string of 2/ metres long is attached to two
points 4 and B. A mass of 3m kg is attached to the middle of the string and a second
mass of m kg in the form of a ring is attached to the end of the string at B.

The 3m kg mass is rotating in circular motion at @ radians persecond and the m kg
mass is free to move up or down the smooth vertical rod AB. The string makes an angle
& with the vertical, (Assume the acceleration due to gravity is g ms™),

Diagram not
to scale
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b)

il.

il

Given that /is the distance between 4 and the centre of the circular motion, find an
expression for /1 in terms of gand w.

If the 3m kg mass is replaced by & mass of m kg mass and the m kg ring is replaced by a
ring of 3m kg, the speed of the rotating mass is doubled to 2w radians persecond.
Detenmine if /4 is increased or deceased and give reasons.( note that w> 1)

Mr Dud’s crystal ball rests on a solid stand which is in the shape of a square based
frastum as shown. '

A

Diagram not
lo scale

cross-section

The stand is constructed so that the crystal ball of radius R fits snugly inside and just
touches the centre of the square base. The side BC of the base slopes so that if extended
it would pass through the top-most point of the ball at 4 and makes an angle § with the
vertical AD. Take O as the centre of the eircle and let the distance OL be x units.

Explain why LQ = JR* —x* and IM = (R +x)tand.
Consider a slice KLM of thickness Ax as shown perpendicular to 4AD.

Show that it has a volume AF = {4 tan® (R + x) —K(Rz -x? )}Ax

Find the volume of such a solid when the angle 8 =

AN

END
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